In this paper, we investigate problem of convergence of the twodimensional exponential integral (TDEI) functions arising in the study of the radiative transfer in a multi-dimensional medium. In our study, generalized exponential integral function's ( GEIF ) are expressed with double improper integrals as given in the original expression. Then we study the properties and asymptotic behaviour of the TDEI functions. We also give numerical computations of the values of TDEI functions.
Introduction
The two-dimensional exponential integral (TDEI) functions play an important role in various fields of theoretical physics, quantum chemistry, theory of transport process, theory of fluid flow and theory of radiative transfer in a multi-dimensional medium [6] , [7] , [11] - [13] , [19] , [22] . The TDEI functions are especially useful for the study of anisotropic scattering in a two-dimensional medium with a scattering phase function [12] , [13] , [22] . Breig and Crosbie derived a series expansion and recurrence relations suitable for numerical computation of the one-dimensional exponential integral functions [7] . It is shown that the absorption of solar radiation by the earth's atmosphere is given in terms of first-order exponential integral function. The fundamental integral equation of the radiative transfer of two-dimensional planar media with anisotropic scattering was derived by Crosbie and Dougherty [11] . Note that the TDEI functions are the kernel of that integral equation. The TDEI functions play an important role in the investigation of the two-dimensional radiative transfer in an absorbing-emitting cylindrical medium and determination of the radiative flux [12] . The generalized exponential integral functions are studied in [1] - [5] , [10] , [17] . In [2] GEIF 's are expressed with the single integrals. In our study, GEIF 's are expressed with double improper integrals as given in the original expression . This depends on the truth that the uniform convergence of integrals gives more precise results. Also in [2] GEIF 's are given In terms of Bessel functions, in the form of series. This GEIF 's approximation gives ruder results compared to ours. This study uses a different methodology from [1] , [2] , [10] , [17] and results are achieved with higher accuracy. The TDEI functions examined in this work are defined as
where r 2 = x 2 + y 2 + τ 2 and n = 1, 2, ... . Note that the TDEI functions are two-dimensional analogs of the exponential integral functions [14] .
2) plays an important role in various fields of theoretical physics, quantum chemistry and theory of transport process [8] , [9] , [16] , [20] , [21] . Many properties of the TDEI functions depend on the uniform convergence of the improper integral (1.1). In this paper, we study the problem of convergence of the TDEI functions εn (τ , β). We also investigate the properties, asymptotic behaviour and numerical computation of the TDEI functions.
Uniform convergence
Let us consider the improper integral (2.1)
2.1. Definition. [18] . Integral (2.1) is said to be uniformly convergent with respect to (τ , β) ∈ D if it is convergent for all (τ , β) and if, given any ε > 0, there is a sufficiently large number R0 independent of (τ , β) and such that for any R satisfying the inequality R > R0 there holds the inequality
where ωR is the ball of radius R with centre of the origin.
2.2. Theorem. [18] . If for the function f (τ , β, x, y) in question there holds the inequality
is convergent then integral (2.1) convergences uniformly with respect to (τ , β) on D.
For all ε > 0 we define the domain
where
ii) The function εn (τ , β) is nonuniformly convergent with respect to (τ , β) on Ω.
For all ε > 0 we have
So from the Theorem 2.1 we find that the function εn (τ , β) is uniformly convergent with
Let us consider
where ϕ (τ , x, y) = exp (−r) . ϕ (τ , 0, 0) = exp (−τ ) > 0. Then there is a ball ω with centre at the origin and radius so small that |ϕ (τ , x, y)| >
Therefore the function εn (τ , β) is nonuniformly convergent with respect to (τ , β) on Ω.
Properties of the TDEI function
Let G ∈ Rm and D ∈ Rn where Rm and Rn denote m-dimensional and n-dimensional spaces, respectively. We shall consider an integral of the form
taken over an unbounded domain D such that it has the point at infinity as its only singularity for any ξ ∈ G.
3.1. Theorem. [18] . If the function f (ξ, η) is continuous on
and if the integral (3.1) is uniformly convergent with respect to ξ on G, then the function
is a continuous function with respect to ξ on G and for all ξ 0 ∈ G
3.2. Theorem. [18] . If the conditions of Theorem 3.1 hold then the function F (ξ) can be integrated with respect to ξ on G under the integral sign, that is
In view of Theorems 2.2 and 3.1 we get
Therefore the function εn (τ , β) is continuous on D (ε) . 
3.5. Definition. [23] . Suppose f : R −→ C is a locally integrable function on R.
The function
is called Fourier transform of the function f.
, thenf ,as bounded continuous functions, possess the property
Theorem. εn (τ , β) satisfies the following asymptotic equations:
Proof. Using Theorem 2.2 and 3.1, we obtain that, for all
Then from the Definition 3.1 we get
(τ , β) dy and due to the following expression
From the Theorem 2.2, 3.1 and (3.5), (3.6) we get
i.e., (3.3) holds.
According to Theorem 2.2, 3.1 we obtain,
It is clear that last integral is uniformly convergent with respect to (τ , x, y) on the domain (n − 1)! 1 2π
The last term can be written in the following form
If we use integration by parts for all term we get
By means of integration by parts for the right-hand side of (3.8) then
substitution of (3.9) into (3.8) gives (3.10)
considering the substitution of (3.10) into (3.7) gives
Numerical Computation
The numerical computation of TDEI functions have been studied by several authors. Those computation methods consist asymptotic or binomial series for TDEI function which include mass computatious [6] - [9] , [11] - [16] , [18] - [23] . On the basis of the uniform convergence of εn (τ , β), obtained in this paper we constructed a new simple and an accurate algorithm for the calculation of TDEI function even in a modarate PC. The computations were performed for large values of parameters τ and β. In this paper the TDEI functions were calculated on the Mathematica 8.0 international mathematical software. The comparative examples of computer calculatious for the TDEI functions are given in Tables 1-4. As can be seen from tables, our computational results are in agreement with literature [7] . Also from Tables 1-4 we see that the calculation results of the TDEI functions show good rate of convergence in the range of parameters τ ∈ 10 −3 , 1 and β ∈ [1, 20] . 
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